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Abstract. We present a Diaz-Metcalf type operator inequality as a reverse 
' Cauchy-Schwarz inequality and then apply it to get the operator versions of 

CN ■ P61ya-S zego's, Greub-Rheinboldt's, Kantorovich's, Shisha-Mond's, Schweitzer's, 

,-0 . Cassels' and Klamkin-McLenaghan's inequalities via a unified approach. We 

|"T ^ , also give some operator Griiss type inequalities and an operator Ozeki-Izumino- 

j^. , Mori-Seo type inequality. Several applications are concluded as well. 
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1. Introduction 



< 

The Cauchy-Schwarz inequality plays an essential role in mathematical in- 
equalities and its applications. In a semi- inner product space (JF, (■,■)) the 
Cauchy-Schwarz inequality reads as follows 

Ks.y)!^,*) 1 /^)^ foyeJT)- 
There are interesting generalizations of the Cauchy-Schwarz inequality in var- 



ious frameworks, e.g. finite sums, integrals, isotone functionals, inner product 



spaces, C*-algebras and Hilbert C*-modules; see |5J El 031 US 1201 IS] and refer- 
ences therein. There are several reverses of the Cauchy-Schwarz inequality in the 
literature: Diaz-Metcalf 's, Polya-Szego's, Greub-Rheinboldt's, Kantorovich's, 
Shisha-Mond's, Ozeki-Izumino-Mori-Seo's, Schweitzer's, Cassels' and Klamkin- 
McLenaghan's inequalities. 

Inspired by the work of J.B. Diaz and FT. Metcalf [4], we present several 
reverse Cauchy-Schwarz type inequalities for positive linear maps. We give a 
unified treatment of some reverse inequalities of the classical Cauchy-Schwarz 
type for positive linear maps. 

Throughout the paper B(J^) stands for the algebra of all bounded linear oper- 
ators acting on a Hilbert space Jff. We simply denote by a the scalar multiple al 
of the identity operator I G M(J^f). For self-adjoint operators A,B the partially 
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ordered relation B < A means that (B£,£) < (A£,£) for all £ £ J^f. In partic- 
ular, if < A, then A is called positive. If A is a positive invertible operator, 
then we write < A. A linear map $ : stf — > SS between C*-algebras is said 
to be positive if <&(A) is positive whenever so is A. We say that $ is unital if $ 
preserves the identity. The reader is referred to [9] for undefined notations and 
terminologies. 

2. Operator Diaz-Metcalf type inequality 

We start this section with our main result. Recall that the geometric operator 
mean A § B for positive operators A,B£ M(J$?) is defined by 

A ft B = A^ (Ar^BA-^y A^ 

if < A. 

Theorem 2.1. LetA,B £ M(Jf?) be positive invertible operators andQ : M(Jt?) — > 
B(J?T) be a positive linear map. 

(i) If m 2 A < B < M 2 A for some positive real numbers m < M , then the 
following inequalities hold: 

• Operator Diaz-Metcalf inequality of first type 

Mm$(A) + $(5) < (M + m)$(A#B) ; 

• Operator Cassels inequality 

M 4- m 

*{A)t*{B)<-^*{W)\ 
2y Mm 

• Operator Klamkin-McLenaghan inequality 
<$>(A$B)^<S>(B)<f>(A$B)^ - $(AttS)'$(A) _1 $(A|tS)3 < (VM - Jm) 2 ; 

• Operator Kantorovich inequality 

*(A)mA- i )< M2+m2 . 

V ;w V ; - 2Mm 

(ii) If m\ < A < M 2 and m\ < B < M 2 for some positive real numbers 
mi < Mi and m 2 < M 2 , then the following inequalities hold: 

• Operator Diaz-Metcalf inequality of second type 

M ^ H A) + HB)<(^ + ^f\HAm; 



MxTUi I mi Mi 
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Operator Polya-Szego inequality 



Operator Shisha-Mond inequality 



m x V M i 



$(A$B)^$(B)<f>(A$B)^ - $(A$B)i$(A) ^^{A^B) ^ < [ */— - J^- 



Operator Griiss type inequality 



$(A)mB) - <I>(A$B) < v '- mm <^ — , — 

Proof. (i) If A < B < M 2 A for some positive real numbers m < M, then 
m 2 < A^BA't < M 2 . 

(ii) If m\ < A < M\ and m 2 < B < M 2 for some positive real numbers 
mi < Mi and m 2 < M 2 , then 

m 2 = — | < < — % = M 2 . 2.1 

In any case we then have 

M — (a^-BA^)) ( (a^BA^Y * - m I > 



whence 

Mm + A^EA^" < (M + m) (a^BA~ ' "' 

MmA + 5 < (M + m)A 1/2 (a^SA^t) 5 A 1/2 = (M + m)AJ{B . (2.2) 

Since $ is a positive linear map, f !2.2p yields the operator Diaz-Metcalf inequality 
of first type as follows: 

Mm$(A) + $(5)<(M + m)$(AfB). (2.3) 

In the case when (ii) holds we get the following, which is called the operator 
Diaz-Metcalf inequality of second type: 



Hence 



Mirrii \mi Mi 

Following the strategy of |2~I] . we apply the operator geometric-arithmetic in- 
equality to Mm&(A) and $(5) to get: 

1 



y/Mm{<&{A)$<b{B)) = (Mm$(4))|t$(5) < - (Mm$(A) + ®(B)) . (2.4) 
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It follows from (Q and (J23D that 

M 4- m 
2v Mm 

which is said to be the operator Cassels inequality under the assumption (i); 
see also [T6j . Under the case (ii) we can represent it as the following inequality 
being called the operator Polya-Szego inequality or the operator Greub-Rheinboldt 
inequality: 



«>4 e + VH lw - (2 - 5) 



It follows from ( 12. 5p that 



2 y /m 1 m 2 VM 1 M 2 



2 



MMB) . (2.6) 



It follows from f l27Lj) that 

Mi ~ V / - mi ' 



so 

,2 



mfm 2 „ , MtM 2 , x 

—±—=- < AtiB < —± — - . 2.7 
Mi ~ H ~ mi y J 

Now, dH]) and (ETJ) yield that 

(VMiM 2 - v /rnlm^) 2 .\/-.\/ 2 



2 v /m 1 m 2 i/MiM 2 mi 
An easy symmetric argument then follows that 



$(A)jj$(S) - < - - '- mm ^ — , — 

z^/m 1 m 2 [ mi m 2 

presenting a Griiss type inequality. 

If A is invertible and <3? is unital and m 2 = m 2 < A < M 2 = Mi 2 , then by 
putting m\ = 1/M 2 < B = A' 1 < 1/m 2 = M| in ([53]) we get the following 
operator Kantorovich inequality: 

M 2 4- m 2 

^(AmiA- 1 ) < . (2.8) 
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It follows from (Q that 



<$>(A$B)—<f>(B)$(A$B)- - $(Atj J B)5$(A)- 1 <J)(Atl J B)2 

< M + m- Mm<&{A§B)^§{A)®{A§B)^ - ^(A^B^^Ay^A^B)^ 

< M + m- 2\/Mm- (y/Mm U>(A%B)^<$>(A)<$>(A$B)^ ' ' 
- (^(A^B)^(A)- 1 ^(A^B) 1 ^ 1 2 N-> 



< (VM-V^f, (2.9) 

that is, an operator Klakmin-Mclenaghan inequality when (i) holds. Under (ii), 
we get the following operator Shisha-Szego inequality from (12. 9p : 



<$>(A$B)^$(B)<$>(A$B)^r - $(A%B)^<$>(A)- l ${A%B)^ < 



M 2 frn^ 
~m~i V Mi 



□ 



3. Applications 

If (oj, . . . , a n ) and (pi, ... , b n ) are n-tuples of real numbers with < m% < aj < 
Mi (l<i<n),0< m2 < bi < Mi (1 < z < n), we can consider the positive 
linear map $(T) = (Tx,x) on B(C n ) = M n (C) and let A = diag« . . . , a 2 n ), 
B = diag(6f, . . . , bl) and x — (1, . . . , 1)* in the operator inequalities above to get 
the following classical inequalities: 

• Diaz-Metcalf inequality [4j 

fc = l K = l ' fe = l 

• Polya-Szego inequality [23] 

ELi^ELi&I < i ( W /m^y 

• Shisha-Mond inequality [21] 

ELi Q fc _ ELi a kh ( [M_ _ [mf\ 
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A Griiss type inequality 

\ V2 / n \ 1/2 n 

2 °* ) ( b k ) ~Y1 akbk 

\k=l J \k=l J k=l 

y/MiM 2 UM X M 2 - Jmrm^j 2 f M x M 2 

< - ^ — mm < , 

2 v /m 1 m 2 [ mi m 2 

Using the same argument with a positive n-tuple (a\, . . . ,a n ) of real numbers 
with 0<m<cii<M(l<i< n), x = -^(1, • • • , 1)*, we get from Kantorovich 
inequality that 

• Schweitzer inequality [2] 

(M 2 + m 2 ) 2 



a7 2 I < 



i=i I \ i=i 



If (ax, ... , a n ) and (b\, . . . , b n ) are n-tuples of real numbers with < m < 
di/bi < M (1 < i < n), we can consider the positive linear map $(T) = (Tx,x) 
on B(C n ) = M n (C) and let A = diag(a 2 , . . . , a 2 ), B = diag(6 2 , . . . , b 2 n ) and 
x = • • • , y/w^Y based on the weight w = (wi, . . . , w n ), in the operator 

inequalities above to get the following classical inequalities: 

• Cassels inequality [25] 

ELi w fc a !ELi w fc & ! < (M + m) 2 _ 



(ELi™* * 6 *) ~ AmM 

Klamkin-McLenaghan inequality [H 



^ w k a 2 k ^ w kb 2 k - I ^2 w k a kh ] < (y/M - y/rnj ^ tyfca fe & fe ^ lOfcO 2 .. 

fe=l fe=l \fc=l / k=l k=l 

Using the same argument, we obtain a weighted form of the Polya-Szego in- 
equality as follows: 

• Grueb-Rheinboldt inequality [10] 



ELi w ka\ ELi w kb 2 k < (MiM 2 + m x m 2 ) 



(£Li<W>*) ~ 4m 1 m 2 M 1 M 2 
One can assert the integral versions of discrete results above by considering 
L 2 (X,fi), where (X, /x) is a probability Hilbert space via (hi,h 2 ) = 

J x hih 2 d[i, multiplication operators A,B e B(L 2 (X, /z))) defined by = / 2 /i 
and = g 2 h for bounded f,g £ L 2 (X,n) and a positive linear map $ by 

$(T) = f x T(l)dfi on B(L 2 (X, /i))). For instance, let us state integral versions 
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of the Cassels and Klamkin-McLenaghan inequalities. These two inequalities are 
obtained, first for bounded positive functions f,g€ L 2 (X, fi) and next for general 
positive functions f,g £ L 2 (X,fi) as the limits of sequences of bounded positive 
functions. 

Corollary 3.1. Let (X,fi) be a probability space and f,g £ L 2 (X,fi) with < 
m g < ./' < Mg for some scalars < m < M . Then 

(M + m) 2 / r x2 



/ dfi / d// < 



x Jx AMm 



and 



f 2 dfi j g 2 dfi- (^j fgd/j^J < (y/M - y/mj j fgd/i j f 2 d\i. 

Considering the positive linear functional $(R) = Y^=i(R£ii £i) 011 
where £i, £ ^ \ we get the following versions of the Diaz-Metcalf and 

Polya-Szego inequalities in a Hilbert space. 

Corollary 3.2. Let 3^ be a Hilbert space, let £i,..-,£ n G ^ anc ^ ^ T,S £ 
M(J4?) be positive operators satisfying < mi < T < Mi and < m 2 < S < Mi- 
Then 



^tiin ( i| 2+ tii^ii^e + l)Eii(-W^i 

i=l i=l 7 i=l 

and 

Lira 2 ) IE 



1/2 / n \ 1/2 

|2 



,i=l / \i=l 



< - 



1 / \M\M2 \mxVri2 



2 \ V m x m 2 V ^1^2 



i=i 



4. A Gruss type inequality 

In this section we obtain another Gruss type inequality, see also [18J. Let stf 
be a C*-algebra and let be a C*-subalgebra of Following PQ, a positive 
linear map $ : ^ — )■ ^ is called a left multiplier if = <£>(X)Y for every 

The following lemma is interesting on its own right. 
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Lemma 4.1. Let $ be a unital positive linear map on stf ', A G stf and M,m be 
complex numbers such that 



Re ((M — A)*(A — m)) > 



Then 



$(|A| 2 ) - |$(A)| 2 < i|M-m| 2 . 
Proof. For any complex number c G C, we have 

$(|A| 2 ) - |$(A)| 2 = - c| 2 ) - \$(A - c)| 2 . 
Since for any T £ the operator equality 



(4.1) 



(4.2) 



(4.3) 



~|M - ml 2 - 
4 



T 



M + m 



Re((M-T)(T-m)*) 



holds, the condition ( 14.1 p implies that 



.4 



M + m 



< -\M - ml 2 
- 4 1 1 



(4.4) 



Therefore, it follows from (14. 3[) and ( I4.4p that 



*(\A\ 



|$(A)| 2 < $(|A 



M + m, 



< ~|M - ml 2 . 
- 4 1 



□ 



Remark 4.2. If (i) $ is a unital positive linear map and A is a normal operator 
or (ii) $ is a 2-positive linear map and A is an arbitrary operator, then it follows 
from |3j that 



< $(|A| 2 ) - |$(A)| S 



(4.5) 



Condition (14.51) is stronger than positivity and weaker than 2-positivity; see [8]. 
Another class of positive linear maps satisfying ( 14. 5 p are left multipliers, cf. [U 
Corollary 2.4]. 

Lemma 4.3. Let a positive linear map $ : — » SS be a unital left multiplier. 
Then 



\$(A*B) - $(A)*$(5)| 2 < ||$(|A| 2 ) - |$(A)| 2 || ($(|fi| 2 ) - MB)\ 2 ) (4.6) 
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Proof. If we put [X,Y] := $(X*F) - $(X)*$(Y"), then gf is a right pre-inner 
product C*-module over 38, since $(X*Y") is a right pre-inner product ^-module, 
see [U Corollary 2.4]. It follows from the Cauchy-Schwarz inequality in pre-inner 
product C*-modules (see [151 Proposition 1.1]) that 

\$(A*B) - $(A)*$(B)\ 2 = [B,A}[A,B] 

< || [A, A] || [B, B] 

= \\®(A*A) - $(A)*$(A)|| (<5>(B*B) - $(£)*$(£)) 
and hence (I4.6p holds. □ 

Theorem 4.4. Let a positive linear map $ : stf — >■ ^ 6e a unital left multiplier. 
If Mi, mi, M 2 , m 2 G C and A,B & &f satisfy the following conditions: 

Re(M x - A)*(A - mi) > and Re(M 2 — B)*(B — m 2 ) > 0, 

t/ien 

- < -| Mi - mi\ |M 2 - m 2 |. 

Proof. By Lowner-Heinz theorem, we have 

< ||$(|A| 2 ) — |$(yl)| 2 ||^ ($(|£?| 2 ) — |$(_B)| 2 )^ (by LemmaliLl 

< — | Mi — mi I I M 2 — m 2 1 (by Lemma I4.ip . 

□ 

5. Ozeki-Izumino-Mori-Seo type inequality 
Let a — (a%, . . . , a n ) and b — (bi, . . . , b n ) be n-tuples of real numbers satisfying 

< mi < a>i < Mi and < m 2 < k < M 2 (i = l,...,n). 
Then Ozeki-Izumino-Mori-Seo inequality |12j [22] asserts that 

n n / n \ ^ 2 

i=l i=l \i=l / 

In [12] they also showed the following operator version of (15. ip : If A and B are 
positive operators in M(J(f) such that < mi < A < Mi and < m 2 < B < M 2 
for some scalars mi < Mi and m 2 < M 2 , then 

(A 2 x, x)(B 2 x, x) - (A 2 (J 5 2 x, x) 2 < — (MiM 2 - mi m 2 ) 2 (5.2) 

47^ 

for every unit vector x <E H, where 7 = max{^-, |^-}. 
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Based on the Kantorovich inequality for the difference, we present an extension 
of Ozeki-Izumino-Mori-Seo inequality (15. 2p as follows. 

Theorem 5.1. Suppose that $ : M(J$?) — > B(J^) is a positive linear map such 
that is invertible and $(/) < /. Assume that A,B e M(J$?) are positive 
invertible operators such that < mi < A < Mi and < m-i < B < M 2 for some 
scalars mi < Mi and m 2 < M2 . Then 

^{B 2 )H{A^{B^ - MB")-^(A^B 2 MB^\" < ( M i M ^ - m x m 2 ) 2 ^ M| 

4 m 2 
(5.3) 

and 

<$>{A 2 )H(B 2 )<$>{A 2 )^ - \<$>{A 2 yH{A 2 $B 2 )<$>{A 2 )^\ 2 < (MlMa ~ mim2? x % 

4 m\ 

(5.4) 

Proof. Define a normalized positive linear map ^ by 

#(X) := $(A)-5$(^5XA5)$(A)-i 

By using the Kantorovich inequality for the difference, it follows that 

^(X 2 ) - ^(X) 2 < (M ~ m)2 (5.5) 

for all < m < X < M with some scalars m < M. As a matter of fact, we have 

^(X 2 ) - ^(X) 2 < *((M + m)X - Mm) - ^(X) 2 

T/v , M + m\ 2 (M-m) 2 
#(X) — + - v 



4 



(M - m) 2 
- 4 ' 
If we put X = (A~2 BA~z ) I ; then due to 



we deduce from f)5.5p that 

$(A)-i$(S)$(A)-i - (^A)-^(AmHA)-^ 2 < (v/MM " v/ ^ ) - 

V / 4Mi mi 



Pre- and post-multiplying both sides by $(A), we obtain 

4Mimi 



$(A)^(B)$(A)I - |$(A)-|$(Atj5)$(A)^ 2 < (^^-^^ ^2 



\ X . 

4 mi 
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since < $(A) 2 < Mf. Replacing A and B by A 2 and B 2 respectively, we have 
the desired inequality (|5.4p . Similarly, one can obtain (I5.3p . □ 

Remark 5.2. If $ is a vector state in (15. 3p and (15. 4p . then we get Ozeki-Izumino- 
Mori-Seo inequality (15. 2p . 
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